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We investigate chain teleportation of a qutrit-state via the non-maximally two-qutrit entangled
channels. For the case of four parties, the efficiencies of two chain teleportation protocols, the
separate chain teleportation protocol (SCTP) and the global chain teleportation protocol (GCTP),
are calculated. In SCTP the errors are corrected between every step while in GCTP the errors are
corrected only at the end. Furthermore, we present a piecewise global chain teleportation protocol
(PGCTP) for keeping away from the inconvenience of error-correction of GCTP. We show that
PGCTP is more efficient than SCTP.
PACS numbers: 03.67.Hk
Quantum teleportation plays an important role in the
field of quantum computation and quantum communi-
cation. It allows a sender(called Alice) to transmit an
unknown quantum state to a receiver(called Bob) by us-
ing an entangled state as a quantum resource and by
sending classical information via ordinary channel. The
original protocol of Bennett et al. [1] involves telepor-
tation of an arbitrary state of a qubit via an Einstein-
Podolsky-Rosen (EPR) pair and by transmitting two bits
of classical information from Alice to Bob. Here Alice
knows neither the state to be teleported nor the location
of the intended receiver, Bob. They also presented a pro-
tocol for teleporting an unknown state of a qudit via a
maximally entangled state in d × d dimensional Hilbert
space and by sending 2 log2 d bits of classical information.
Since then, quantum teleportation has got great develop-
ment [2–16] and has been experimentally demonstrated
by several groups [17–20].
However in the real world situations, it is most of the
time not possible to have a maximally entangled state at
one’s disposal. Because of the interaction with the envi-
ronment, the state of any system would become a mixed
state after a certain period. This problem of decoherence
can be mitigated but cannot be completely overcome eas-
ily. Also, it may happen that the source does not produce
perfect EPR pairs rather non-maximally entangled pairs
which is shared between Alice and Bob. If we have non-
maximally entangled state as a shared resource and we
want to do quantum teleportation, we have to pay some
price. That is, we have to compromise either in fidelity
or in the success probability. If we are ready to pay the
price for the success probability it is possible to have unit
fidelity teleportation. And this scheme is called proba-
bilistic quantum teleportation [12, 13].
When one considers teleportation in a quantum chain
network, the teleportation strategy is miscellaneous.
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Suppose that the quantum chain network consists of
N+1 parties (called Alice1, Alice2, Alice3, ..., AliceN+1
respectively in sequence) who share the entangled sources
between the neighboring parties. The simplest and most
direct strategy is the separate chain teleportation pro-
tocol (SCTP) by performing N separate teleportations,
i.e., Alice1 teleports the quantum state to Alice2 via the
first teleportation. Then Alice2 teleports it to Alice3
via the second teleportation and so on. If the entan-
gled sources between every neighboring parties are the
same, the total success probability equals pN when a
quantum state teleportation from starting point Alice1
to end point AliceN + 1, where p is the success proba-
bility of one step. The total success probability of SCTP
is very small for p < 1 when N is large. A more ef-
ficient strategy is the global chain teleportation proto-
col (GCTP)[14]. In an interesting work, Mod lawska and
Grudka [14] showed that if the qubit is teleported sev-
eral times via some non-maximally entangled states, the
“errors” introduced in the previous teleportations can be
corrected by the “errors” introduced in the following tele-
portations. This effect is called error self-correction. The
total success probability would be enhanced immensely if
we correct all errors in the final receiver. Their strategy
was developed in the framework of the scheme proposed
in Ref.[4] for linear optical teleportation. In the recent
papers [15, 16], it has been shown that this feature of the
multiple teleportation of Ref.[14] is not restricted to the
teleportation scheme stated in Ref.[4]. In Ref. [16], we
present global chain teleportation protocol based on the
general teleportation language of the original proposal
shown in Ref. [1].
In this paper, we would investigate the probabilis-
tic chain teleportation of qutrit-state via non-maximally
two-qutrit entangled channels. For the case of four par-
ties, the efficiencies of two chain teleportation protocols,
the SCTP and the GCTP, are calculated. With the in-
crease of the parties number N , the collapsing states will
become more and more complex if we apply the GCTP.
For keeping away from this inconvenience, we present the
2piecewise global chain teleportation protocol (PGCTP).
We show that PGCTP is more efficient than SCTP.
It is easy to see that the error self-correction only ap-
pears in the case of 3N + 1 parties for chain teleporta-
tion of qutrit state. Therefore, to illustrate our protocol
clearly, let us first begin with the chain teleportation in
the case of four parties.
Alice wants to teleport an unknown quantum state
|ψ〉 = α|0〉+ β|1〉+ γ|2〉 (1)
to Bob, where α, β and γ ∈ C and |α|2 + |β|2 + |γ|2 = 1.
There is no direct entangled resource between Alice and
Bob. Fortunately, Alice and Bob can build the relation-
ship by two intermediaries Charlie and Dave. Alice and
Charlie share a non-maximally two-qutrit entangled re-
source
|Ψ〉 = a0|00〉+ a1|11〉+ a2|22〉, (2)
while Charlie and Dave, Dave and Bob share the identical
resource, where a0, a1 and a1are real numbers and satisfy
a20 + a
2
1 + a
2
2 = 1. Without loss of generality, we suppose
a0 ≤ a1 ≤ a2.
Firstly, we consider the SCTP completed by perform-
ing three separate standard teleportations, i.e., Alice tele-
ports the quantum state |ψ〉 to Charlie via the first tele-
portation. Then Charlie teleports it to Dave via the
second teleportation. Finally, Dave teleports it to re-
ceiver Bob via the third teleportation. According to the
standard probabilistic teleportation protocol, in the first
separate teleportation, Alice performs generalized Bell-
basis measurement(GBM) in the basis {|Φmn〉,m, n =
0, 1, 2}on the teleported qutrit and the entangled qutrit
in her side.
|Φmn〉 = 1√
3
2∑
j=0
e2ijnpi/3|j〉|(j ⊕m)〉, (3)
where here and hereafter j ⊕m means sum of j and m
modulo 3. Charlie can apply the corresponding unitary
transformation conditioned on the result of Alice’s mea-
surement. The corresponding unitary transformations
read
U00 =

 1 0 00 1 0
0 0 1

 , U01 =

 1 0 00 e−2pii/3 0
0 0 e−4pii/3

 ,
U02 =

 1 0 00 e−4pii/3 0
0 0 e−2pii/3

 ,
U10 =

 0 0 11 0 0
0 1 0

 , U11 =

 0 0 e−4pii/31 0 0
0 e−2pii/3 0

 ,
U12 =

 0 0 e−2pii/31 0 0
0 e−4pii/3 0

 ,
U20 =

 0 1 00 0 1
1 0 0

 , U21 =

 0 e−2pii/3 00 0 e−4pii/3
1 0 0

 ,
U22 =

 0 e−4pii/3 00 0 e−2pii/3
1 0 0

 .
(4)
Finally, the state Bob received becomes
|ψ1〉 = 1√
p1
(αa0|0〉+ βa1|1〉+ γa2|2〉) (5)
with the probability p1 = |a0α|2 + |a1β|2 + |a2γ|2 or
|ψ2〉 = 1√
p3
(αa1|0〉+ βa2|1〉+ γa0|2〉) (6)
with the probability p2 = |a1α|2 + |a2β|2 + |a0γ|2 or
|ψ3〉 = 1√
p2
(αa2|0〉+ βa0|1〉+ γa1|2〉) (7)
with the probability p3 = |a2α|2|+ |a0β|2 + |a1γ|2.
These states are in accordance with the original state
|ψ〉 only if the quantum channel is a maximally entangled
state, i.e. a0 = a1 = a2. For the case of non-maximally
entangled channel, these states can be returned to the
original state with certain probability by performing the
generalized measurerment given by Kraus operators:
ES1 = |0〉〈0|+ a0
a1
|1〉〈1|+ a0
a2
|2〉〈2|, (8a)
EF1 =
√
1− a
2
0
a2
1
|1〉〈1|+
√
1− a
2
0
a2
2
|2〉〈2| (8b)
for |ψ1〉 and
ES2 =
a0
a1
|0〉〈0|+ a0
a2
|1〉〈1|+ |2〉〈2|, (9a)
EF2 =
√
1− a
2
0
a2
1
|0〉〈0|+
√
1− a
2
0
a2
2
|1〉〈1| (9b)
for |ψ2〉 and
ES3 =
a0
a2
|0〉〈0|+ |1〉〈1|+ a0
a1
|2〉〈2|, (10a)
EF3 =
√
1− a
2
0
a2
2
|0〉〈0|+
√
1− a
2
0
a2
1
|2〉〈2| (10b)
for |ψ3〉.
When ES is obtained, the qutrit ends in its original
state |ψ〉 = α|0〉+β|1〉+γ|2〉. The success probability in
the first teleportation is
p =
3∑
i=1
pi〈ψi|E†SiESi|ψi〉 = 3a20. (11)
Next, Charlie teleports the recovered quantum state to
Dave, and Dave teleports the recovered quantum state
3to Bob by the similar process. Combining these three
teleportations, the total probability that Bob receives the
quantum state |ψ〉 is
PS(4) = p
3 = 27a60. (12)
However, the above teleportation protocol is not the
optimal strategy. In fact, the intermediaries Charlie and
Dave does not need to recover the quantum state to
be teleported. They only make the conditioned unitary
transformation according to the previous party’s mea-
surement outcome and teleports the “errors” state to the
next party directly. Lastly, Bob corrects all “errors” of
the quantum state in the teleportation process. This is
so called GCTP.
Let us, thus, assume that Charlie and Dave does not
recover the quantum state to be teleported in the telepor-
tation, they only make a unitary transformation accord-
ing to the previous party’s measurement outcome, then
they also perform GBM on their two qutrits and broad-
cast the measurement outcome to the next party. After
making the corresponding transformation conditioned on
Dave’s measurement outcome, Bob’s qutrit will collapse
into one of the following states
|φ1〉 = a30α|0〉+ a31β|1〉+ a32γ|2〉, (13a)
|φ2〉 = a31α|0〉+ a32β|1〉+ a30γ|2〉, (13b)
|φ3〉 = a32α|0〉+ a30β|1〉+ a31γ|2〉, (13c)
|φ4〉 = a20a1α|0〉+ a21a2β|1〉+ a22a0γ|2〉, (13d)
|φ5〉 = a21a2α|0〉+ a22a0β|1〉+ a20a1γ|2〉, (13e)
|φ6〉 = a22a0α|0〉+ a20a1β|1〉+ a21a2γ|2〉, (13f)
|φ7〉 = a20a2α|0〉+ a21a0β|1〉+ a22a1γ|2〉, (13g)
|φ8〉 = a21a0α|0〉+ a22a1β|1〉+ a20a2γ|2〉, (13h)
|φ9〉 = a22a1α|0〉+ a20a2β|1〉+ a21a0γ|2〉, (13i)
|φ10〉 = α|0〉+ β|1〉+ γ|2〉 (13j)
with the probabilities
p′1 = a
6
0|α|2 + a61|β|2 + a62|γ|2,
p′2 = a
6
1|α|2 + a62|β|2 + a60|γ|2,
p′3 = a
6
2|α|2 + a60|β|2 + a61|γ|2,
p′4 = 3(a
4
0a
2
1|α|2 + a41a22|β|2 + a42a20|γ|2),
p′5 = 3(a
4
1a
2
2|α|2 + a42a20|β|2 + a40a21|γ|2),
p′6 = 3(a
4
2a
2
0|α|2 + a40a21|β|2 + a41a22|γ|2),
p′7 = 3(a
4
0a
2
2|α|2 + a41a20|β|2 + a42a21|γ|2),
p′8 = 3(a
4
1a
2
0|α|2 + a42a21|β|2 + a40a22|γ|2),
p′9 = 3(a
4
2a
2
1|α|2 + a40a22|β|2 + a41a20|γ|2),
p′10 = 6a
2
0a
2
1a
2
2.
respectively. When the state is in |φ10〉, we do not have to
perform the error correction for the errors self-correction
in the teleportation. For |φi〉 (i = 1, 2, · · · , 6), one can
recover the original state by performing generalized mea-
surement given by Kraus operators:
E′S1 = |0〉〈0|+
a30
a3
1
|1〉〈1|+ a
3
0
a3
2
|2〉〈2|, (14a)
E′F1 =
√
1− a
6
0
a6
1
|1〉〈1|+
√
1− a
6
0
a6
2
|2〉〈2| (14b)
for |φ1〉 and
E′S2 =
a30
a3
1
|0〉〈0|+ a
3
0
a3
2
|1〉〈1|+ |2〉〈2|, (15a)
E′F2 =
√
1− a
6
0
a6
1
|0〉〈0|+
√
1− a
6
0
a6
2
|2〉〈2| (15b)
for |φ2〉 and
E′S3 =
a30
a3
2
|0〉〈0|+ |1〉〈1|+ a
3
0
a3
1
|2〉〈2|, (16a)
E′F3 =
√
1− a
6
0
a6
2
|0〉〈0|+
√
1− a
6
0
a6
1
|2〉〈2| (16b)
for |φ3〉 and
E′S4 = |0〉〈0|+
a20
a1a2
|1〉〈1|+ a0a1
a2
2
|2〉〈2|, (17a)
E′F4 =
√
1− a
4
0
a2
1
a2
2
|1〉〈1|+
√
1− a
2
0
a2
1
a4
2
|2〉〈2| (17b)
for |φ4〉 and
E′S5 =
a20
a1a2
|0〉〈0|+ a0a1
a2
2
|1〉〈1|+ |2〉〈2|, (18a)
E′F5 =
√
1− a
4
0
a2
1
a2
2
|0〉〈0|+
√
1− a
2
0
a2
1
a4
2
|1〉〈1| (18b)
for |φ5〉 and
E′S6 =
a0a1
a2
2
|0〉〈0|+ |1〉〈1|+ a
2
0
a1a2
|2〉〈2|, (19a)
E′F6 =
√
1− a
2
0
a2
1
a4
2
|0〉〈0|+
√
1− a
4
0
a2
1
a2
2
|2〉〈2| (19b)
for |φ6〉 respectively.
For |φ7〉, |φ8〉 and |φ9〉, the recover operator are some-
what complicate because a20a2 ≤ a21a0 for some entangled
channels but a20a2 ≥ a21a0 for other entangled channels.
The recover operators take different form for the above
two cases.
For the case of a20a2 ≤ a21a0, the recover Kraus opera-
tors take the form:
E′S7 = |0〉〈0|+
a0a2
a2
1
|1〉〈1|+ a
2
0
a1a2
|2〉〈2|, (20a)
E′F7 =
√
1− a
2
0
a2
2
a4
1
|1〉〈1|+
√
1− a
4
0
a2
1
a2
2
|2〉〈2| (20b)
4for |φ7〉 and
E′S8 =
a0a2
a2
1
|0〉〈0|+ a
2
0
a1a2
|1〉〈1|+ |2〉〈2|, (21a)
E′F8 =
√
1− a
2
0
a2
2
a4
1
|0〉〈0|+
√
1− a
4
0
a2
1
a2
2
|1〉〈1| (21b)
for |φ8〉 and
E′S9 =
a20
a1a2
|0〉〈0|+ |1〉〈1|+ a0a2
a2
1
|2〉〈2|, (22a)
E′F9 =
√
1− a
4
0
a2
1
a2
2
|0〉〈0|+
√
1− a
2
0
a2
2
a4
1
|2〉〈2| (22b)
for |φ9〉 respectively.
On the other hand, if a20a2 ≥ a21a0, the recover Kraus
operators take the form:
E′′S7 =
a21
a0a2
|0〉〈0|+ |1〉〈1|+ a0a1
a2
2
|2〉〈2|, (23a)
E′′F7 =
√
1− a
4
1
a0
1
a2
2
|0〉〈0|+
√
1− a
2
0
a2
1
a4
2
|2〉〈2| (23b)
for |φ7〉
E′′S8 = |0〉〈0|+
a0a1
a2
2
|1〉〈1|+ a
2
1
a0a2
|2〉〈2|, (24a)
E′′F8 =
√
1− a
2
0
a2
1
a4
2
|1〉〈1|+
√
1− a
4
1
a2
0
a2
2
|2〉〈2| (24b)
for |φ8〉 and
E′′S9 =
a0a1
a2
2
|0〉〈0|+ a
2
1
a0a2
|1〉〈1|+ |2〉〈2|, (25a)
E′′F9 =
√
1− a
2
0
a2
1
a4
2
|0〉〈0|+
√
1− a
4
1
a2
0
a2
2
|1〉〈1| (25b)
for |φ9〉 respectively.
The probability of successfully recovering the original
state is
PG(4) = 3a
6
0 + 9a
4
0a
2
1 + 9min{a40a22, a41a20}+ 6a20a21a22.
(26)
We can easily see PG(4) ≥ PS(4) because of a2 ≥
a1 ≥ a0 . It is obvious that for the maximally entan-
gled channel, the two protocols are equivalent, but for
the non-maximally entangled channel, GCTP is more ef-
ficient than SCTP. The total succuss probability of SCTP
is only determined by the smallest coefficient of the en-
tangled channel, on the other hand, the total succuss
probability of GCTP lies on all coefficients of the entan-
gled channel. For fixed a0, the total succuss probabil-
ity of GCTP takes the minimum PminG (4) = 6a
4
0 + 9a
6
0
for the case of a1 = a0 and the maxmimum P
max
G (4) =
3
2
a20 + 6a
4
0 − 92a60 for the case of a1 = a2.
When one wants to apply global chain teleportation of
a qutrit for the case of arbitrary parties, a hindrance oc-
curs. With the increase of the party number, the possible
collapsing states of receiver’s qutrit will become numer-
ous and disorderly. So the error-correction operation of
GCTP is very inconvenient. But we can select a telepor-
tation strategy eclectically between GCTP and SCTP.
Instead of being corrected by the final receiver in GCTP
and corrected by every parties in SCTP, the errors can be
corrected every n parties (n is small). We call it piecewise
globe chain teleportation protocol (PGCTP). Here we se-
lect n = 3 since error self-correction only appears after
making 3 times generalized Bell-basis measurements.
Suppose that Alice1 wants to teleport a quantum state
|ψ〉 = α|0〉+ β|1〉+ γ|2〉 to Alice3N + 1. There is no di-
rect entangled resource between them, but they can link
through 3N − 1 intermediaries called Alice2, Alice3, · · · ,
Alice3N , respectively. Two neighboring parties share the
partially entangled state described by Eq.(2).
Firstly, Alice1, Alice2, Alice3 and Alice4 apply the
GCTP according to the steps as above described. After
correct all errors, Alice4 obtain the quantum state |ψ〉
with the probability PG(4). Next, Alice4, Alice5, Alice6
and Alice7 apply the GCTP again. Thus Alice7 obtains
the state |ψ〉 with the probability PG(4)2, and so on. Fi-
nally, Alice3N+1 obtain the quantum state |ψ〉 with the
probability
PPG(3N + 1) = PG(4)
N (27)
after correct the errors.
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(d) N = 10
FIG. 1: The total success probability PPG and PS versus a0
for different N (Solid line: PS, shadow region: PPG, where
upper contour line corresponding to the case of a1 = a2, and
lower contour line corresponding to the case of a0 = a1.).
From (a) to(d), N takes 1, 2, 5, 10 accordingly.
In Fig.1, we plot PS and PPG as the function of a0
5for different N . We can see that both the total success
probabilities of two protocols declines with the decrease
of the entanglement of channels. Moreover, the greaterN
is, the more sharper the success probabilities declines. It
shows that the quantum channel with small entanglement
will become unpractical with the increase of N . Fig.1
also indicates explicitly that the PGCTP is more efficient
than SCTP. For example, for the case of N = 5, the total
success probability of PGCTP Pmax
PG
≈ 15% while the
total success probability of SCTP PS only attains 1.3%
when the smallest coefficient of channels a0 = 0.50.
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FIG. 2: The ratio of PPG to PS versus a0 for different N :
upper contour line corresponding to the case of a1 = a2, and
lower contour line corresponding to the case of a0 = a1. From
(a) to(d), N takes 1, 2, 5, 10 accordingly .
The ratio of PPG to PS as a function of a0 for different
N is illustrated in Fig.2. Here we only take a0 from
0.5 to 1√
3
because the small entanglement channels are
unpractical for large N . From Fig.2, we can see that
the greater N is, the larger PPG/PS is. In other words,
the efficiency of PGCTP is far higher than that of SCTP
when the steps of teleportation increase.
In summary, we have studied chain teleportation of
a qutrit-state via the non-maximally two-qutrit entan-
gled channels. For the case of four parties, the efficien-
cies of two chain teleportation protocols, the separate
chain teleportation protocol and the global chain tele-
portation protocol, are calculated. In SCTP the errors
are corrected between every step while in GCTP the er-
rors are corrected only at the end. With the increase of
the parties number, possible collapsing states of receiver’s
qutrit will become numerous and disorderly. Therefore,
the error-corrections of GCTP become very inconvenient.
We present a piecewise global chain teleportation proto-
col for keeping away from this inconvenience. We show
that PGCTP is more efficient than SCTP.
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